1.
Introduction. The effect of compressibility on the pressure distribution in the narrow gap between a rotating cylinder and a plane in a viscous fluid was studied by Taylor and Saffman [1] during an investigation of the centripetal pump effect discovered by Reiner [2] . With the usual assumptions of lubrication theory and the further assumption of an isothermal film which satisfies Boyle's law, the Navier-Stokes equations yield an equation for the pressure (1) ! (~0) = (j cos 2 cp -a ~o) cos 4 
cp.
The independent variable cp is defined by
where R is the radius of the cylinder and h is the gap width as shown in Fig. 1 . If w is the angular speed of the cylinder (positive counterclockwise) and U = Rw, then the parameters a and {3 are defined by (2) a == 12p. F (2R) 112 ,
Here p. is the viscosity coefficient of the fluid, F is the mass flux per unit span through the film, and Po and po are the pressure and density at I x I = oo.
Thus we have assumed that the pressure satisfies 
T = (p -po) dx = po(2Rh) 112 (p/po -1) sec 2 cp dcp.
(1/2).-There is also a contribution from the viscous stresses which can be shown to be smaller by a factor of order h/R. With but slight modifications the above formulation is adequate for describing other configurations of interest. For instance, if lubricant is forced through the gap by a pressure gradient, say with pressure p0 on the entrance side ( x < 0) and pressure P2 < Po on the exit side ( x > 0), we "' Received by the editors September 7, 1966. 
If the cylinder does not rotate, then {3 = 0, ( 1) simplifies and is easily integrated; see §4.
In general, the parameter {3 is given and the problem is to find p( q,) and a such that ( 1) and ( 3) or ( 1) and ( 5) are satisfied. We call the former problem the case of free flow and the latter the case of forced flow. The free flow case is studied rather thoroughly, using ordinary perturbation theory for {3 « 1, using singular perturbations (or boundary layer expansions) for {3 » 1 in §2. The region of {3 = 0( 1) and the accuracy of the expansions is studied by numerical solutions in §3. The forced flow case is briefly examined and we indicate how the free flow results apply to it in §4.
Free flow.
For {3 small the perturbation problem for (1) with the boundary condition (3) is regular. For {3 small the solution is expressed as a power series in {3. Due to the extra boundary condition in (3) the parameter a is free and must also be expressed by a series expansion in {3. The results to second order are:
To first order in {3 this is just the well-known incompressible limit solution which is odd about x = 0 and has no thrust. The second order correction yields a nonzero thrust but does not alter the mass flux a.
The solution for the case {3 » 1 is of some physical interest as it bears on the circumstance of a very narrow gap and a large thrust, a problem dominated by compressibility. The perturbation problem turns out to be singular and to have some interesting features. It is convenient to use the periodicity (period 'II') of the solution of ( 1) We now study the solution of (7) In this problem two asymptotic expansions with different regions of validity are needed. The first asymptotic expansion is associated with the limit process B ---7 oo, 8 fixed, the "outer" expansion. It can be seen from the form of the outer expansion below that it is not valid near 8 = 0.
A local expansion must be constructed near 8 = 0 and these two expansions must be matched. The concepts developed in this process turn out to be useful also for general considerations of numerical analysis of the problem. Some details are now given.
The limit process expansion (B ---7 oo, 8 fixed) can be expressed as a simple power series:
• On substituting in (7), equating coefficients of inverse powers of B and applying the boundary condition (9), we obtain after some algebra:
. 
The dominant terms of the expansions (13) and (14) are calculated from the right-hand side of (7), the derivative term being small. This leads to nonuniform behavior of the expansion for y in the neighborhood of 8 = 0. The second term of the expansion (13) is small compared to the first only if
This difficulty shows up explicitly also in the fourth term of ( 13) which has a singularity.
In order to construct an expansion which is valid near 8 = 0 variables must be chosen which remain fixed as ( 8 ~ 0, y ~ 0, B ~ oo ) and in such a way that a distinguished first approximation equation results. This differential equation must include the derivative term and in this case an approximation to each other term so that the inner expansion can be matched to the outer expansion ( 13). A suitable choice of variables is
and the inner expansion, valid near 8 = 0, has the form
The leading term satisfies the distinguished equation
The equations for iJ1, i}2, etc., can be found and are linear. The matching of the two expansions ( 13) and ( 16) 
Neglecting the various smaller terms the matching condition yields a boundary condition for (17) which can be written again in terms of 0:
]1m f}o 8 = 8 + 28 + 6 + -=-+ 0 ~ .
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fJ
Thus to complete the determination of the leading term of the complete solution, we need to show that the solution of (17) subject to (18) exists, and to calculate f}o(O).
For physical reasons only solutions with y > 0 are relevant, and we restrict attention therefore to the upper half of the fj -0 plane (see Fig.   2 ). 
Equation (17) is free of singularities away from the axes and thus one and only one solution passes through each point of f} -0 plane.
it is found by direct substitution that the asymptotic development ( 18) defines a solution, but we find that in addition there are solutions for
where k is arbitrary. In (20), the unspecified terms are uniquely determined when k is given. The development (20) does not apply for negative 0, but (18) is still a possibility. In fact, as 0 decreases from zero, all solutions (with positive fj0(0)) decrease until they cross fj = 0 2 after which they increase as 0 decreases since dfj /dO has changed sign. Thus all solutions of (17) as 0 ~ -oo have the same asymptotic behavior, namely that given by ( 18), and hence different solutions differ by transcendentally small
Consider now a solution of (17) which starts from some given value of diJ -flo2 Yl = -3 + 3 Yo -Yo . 
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The matching requirement is found after reduction to imply (24)
Equation ( 23) is linear in f}l and the discussion is straightforward. Keeping in mind that fj r-./ 0 2 , we see that all the solutions !lsymptote (24) as iJ ~ -oo but that the solutions are proportional to ±e 8 as iJ ~ + oo, except for one solution for a particular value of fj1(0) which asymptotes (24). This is the solution we require. A crude estimate based on graphical integration of ( 23) gives (25) f}1(0) = -600.
Thus the second term in the inner expansion is small compared with the first only if B » 5.
To summarize, we have the asymptotic expansions
where f}o is plotted in Fig. 2 For the thrust on the bearing, it follows from ( 4) that
On substituting the composite expansion (27) it is found that
The coefficient of B-1 was roughly estimated by graphical integration to be about -10. It is noteworthy that the vicinity of (;I = 0, where the relative value of y is O(B-2 ), contributes a term of relative order B-1 to the thrust.
Numerical solutions for free flow. The previous expansions, (6) valid
for {3 « 1 and (26) valid forB» 5 or {3 » 500, leave a rather large range of parameter values for which no adequate approximation is known. To fill this gap and at the same time check on the accuracy of the approximate solutions we employ numerical techniques. In particular the boundary value problem ( 7) and ( 9) has been solved using the initial value or "shoot- (33) is continuously differentiable with respect to the parameter A we may define
and find from ( 33) that v is the solution of the variational problem
It now follows from (34) that
In the calculations the initial value problems ( 33) and ( 36) are integrated (from 71"/2 to -71"/2) as a first order system using a Runge-Kutta method to start and the modified Adams predictor-corrector method to continue. The iterates (35) are evaluated using these computed solutions in (34) and (37). The iterations, for a given value of B, are terminated when I A.+l -A. I < 5 X 10-6 , which occurs after two or at most three steps, Representative graphs of the solution y(O) of (7) and (9) for several values of B are shown in Fig. 3 With this solution the forced flow through a grating or lattice of stationary cylinders can be deduced in the manner described by J. B. Keller [3] for an incompressible fluid. Continuing the perturbation procedure it is easy to write down the :(i.rst and higher order corrections to the solution ( 40). However, the formulas are not very informative as the integrations cannot be carried out in terms of elementary functions.
The forced flow solution is not a periodic function of cf> but we can still expresstheproblemintermsofthevariablesO = cf> -1r/2andy(O) = pjp1. The boundary conditions (5) simply require that y(O) be discontinuous at 0 = 0 and satisfy there the jump condition 
Po
The solution y( 0) must satisfy the differential equation ( 7) in each of the intervals 1r/2 > 0 > 0 and 0 > 0 > -11"/2, must take on the boundary values ( 9) and must satisfy the jump conditions ( 41). For the case of P2/Po of order unity and B » 1 the singular perturbation solution is identical with that obtained previously except for numerically small negative values of (J (see Fig. 5 ). The reason is that the value of A is determined to all inverse powers of B by the outer solution. The value of PoiP1 = y(O+) is then found from the requirement that the inner expansion for 8 --l> + oo match the outer expansion for (J --l> O+. All inner expansions for 8 < 0 will match the outer expansion, whatever the value of p2/p1 • Thus the solutions for different values of P2/po have values of A which differ only in transcendentally small terms, and the solutions are identical except when 8 is finite and negative. Physically, this implies that for large B the flow is independent of the exit pressure except right at the exit.
The previous numerical procedure is easily modified to treat the forced flow case. The first order system ( 33) and ( 36) is to be integrated from 
